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The tree-level two-point amplitudes for the transitions jf → j ′f ′, where f is a fermion
and j is a generalized current, in a constant uniform magnetic field of an arbitrary
strength and in charged fermion plasma, for the jff interaction vertices of the scalar,
pseudoscalar, vector and axial-vector types have been calculated. The generalized current
j could mean the field operator of a boson, or a current consisting of fermions, e.g. the
neutrino current. The particular cases of a very strong magnetic field, and of the coherent
scattering off the real fermions without change of their states (the “forward” scattering)
have been analysed. The contribution of the neutrino photoproduction process, γe →
eνν¯, to the neutrino emissivity has been calculated with taking account of a possible
resonance on the virtual electron.
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1. Introduction
Nowadays, there exists rather keen interest to astrophysical objects with the scale of
the magnetic field strength near the critical value of Be = m
2
e/e ' 4.41× 1013 G a.
This group of objects includes the radio pulsars and the so-called magnetars, which
are the neutron stars featuring the magnetic field strengths from 1012 G (radio pul-
sars) to 4×1014 G (magnetars), see Ref. 1 and the papers cited therein. The spectra
analysis of these objects also provides an evidence for the presence of electron-
positron plasma in the radio pulsar and magnetar environment, with the minimum
magnetospheric plasma density being of the order of the Goldreich-Julian density:2
nGJ ' 3× 1013 cm−3
(
B
100Be
)(
10 s
P
)
, (1)
aWe use natural units c = ~ = kB = 1, me is the electron mass, and e is the elementary charge,
mf and ef are the fermion mass and the fermion charge.
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where P is the rotational period. It is well-known that strong magnetic field and/or
plasma could have an essential influence on various quantum processes,3–6 because
the external active medium catalyses the processes, by changing their kinematics
and inducing new interactions. Therefore, the effects of magnetized plasma on mi-
croscopic physics should be incorporated in the magnetosphere models of strongly
magnetized neutron stars. In the present paper we consider the two-point processes,
because such reactions can have possible resonant behavior, and therefore they could
be very interesting for astrophysical applications.7
The investigation of the two-point processes in an external active medium (elec-
tromagnetic field and/or plasma) has a rather long history. The most general expres-
sion for a two-vertex loop amplitude of the form j → ff¯ → j ′ in a pure constant
uniform magnetic field and in a crossed field was obtained previously in Ref. 8,
where all possible combinations of scalar, pseudoscalar, vector, and axial-vector
interactions of the generalized currents j and j ′ with fermions were considered.
The generalized current j could mean the field operator of a boson, or a current
consisting of fermions, e.g. the neutrino current.
The typical example of a tree-level process with two vector vertices in the pres-
ence of magnetized plasma is the Compton scattering, γe→ γe, as a possible channel
of the radiation spectra formation. In this case, both generalized currents j and j ′
mean the photon field operators. This process was studied in a number of papers,
see e.g. Refs. 9–15, but the results were presented there in the form without taking
account of the photon dispersion properties. In Ref. 16 this neglect was corrected.
The expression for the Compton scattering amplitude, with the initial and final
electrons being on the lowest Landau level was presented in Ref. 16 in the explicit
Lorentz invariant form. The other example of the Compton like process with the
vector and axial-vector vertices, the photon transition into the neutrino pair in the
presence of magnetized plasma, γe → eνν¯, was studied in Ref. 17. In this case, in
our terms, the initial generalized current j means the photon field operator, while
the final generalized current j ′ means the neutrino current. The local limit of the
weak interaction is supposed to be valid. One of our goals in this paper is to improve
the approach of Ref. 17, in order to present the results in a manifestly covariant
form. Additionally, as we believe, our results would be better applicable for an anal-
ysis of the other photon-fermion scattering processes with the production of exotic
particles, such as axion, neutralino, etc.
Thus, we consider the tree-level two-point amplitude for the transition of the
type jf → j ′f ′ with the intermediate virtual fermion state. The analysis is per-
formed in a constant uniform magnetic field and charged fermion plasma, for differ-
ent combinations of the vertices that were used in Ref. 8. Particularly, we generalize
the results obtained in Ref. 8, to the case of magnetized plasma, since such a sit-
uation looks the most realistic for astrophysical objects. Such a generalization was
performed in part in Ref. 18 for the case of the photon polarization operator in a
magnetized electron-positron plasma.
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The paper is organized as follows. In Sec. 2, we calculate the scattering ampli-
tudes for different spin states of the initial and final fermions. We present here only
the amplitudes for the case when both vertices are of the pseudoscalar type. The to-
tal set of the amplitudes for the jff interaction vertices of the scalar, pseudoscalar,
vector and axial-vector types, in a constant uniform magnetic field of an arbitrary
strength and in charged fermion plasma can be found in the extended paper.19 All
the amplitudes are presented in the explicit Lorentz and gauge invariant forms. The
application of the obtained results to the calculation of the neutrino photoproduc-
tion process amplitude and other characteristics in the resonant case is given in
Sec. 3. Final comments and discussion of the obtained results and possible astro-
physical applications are given in Sec. 4. In Appendix A, we present the fermion
wave functions used in our analysis, namely, the solutions of the Dirac equation in
external magnetic field, being the eigenfunctions of the magnetic moment operator.
In the next two Appendices, we present the expressions for the amplitudes in the
special cases where they can be essentially simplified. In Appendix B, we consider
the particular case, when the initial and final fermions occupy the ground Landau
level (the strong field limit), for all types of the jff interaction vertices. A coherent
scattering of neutral particles off the real fermions without change of their states
(the “forward” scattering) is analysed in Appendix C.
2. The set of expressions for the amplitudes
The generalized amplitude of the transition jf → j ′f ′ will be analyzed by using
the effective Lagrangian for the interaction of a generalized current j with fermions
in the form
L(X) =
∑
k
gk[Ψ¯f (X)ΓkΨf (X)]jk(X), (2)
where the generalized index k = S, P, V,A numbers the matrices Γk: ΓS = 1, ΓP =
γ5, ΓV = γα, ΓA = γαγ5; jk(X) are the generalized currents (jS , jP , jV α or jAα) or
the field operators of single particles, e.g. of the photon or axion, see below, gk are
the corresponding coupling constants, and Ψf (X) are the fermion wave functions.
Indeed, using the Lagrangian (2), one can describe a large class of interactions.
For example, it may be:
i) the Lagrangian of the electromagnetic interaction, when k = V , gV = −ef ,
ΓV jV = γ
µAµ, A
µ is the four-potential of the quantized electromagnetic field:
L(X) = −ef [Ψ¯f (X)γµAµ(X)Ψf (X)] ; (3)
ii) the Lagrangian of the fermion-axion interaction, when k = A, gA = Cf/(2fa),
ΓAjA = γ
µγ5∂µa(X), a(X) is the quantized axion field, fa is the Peccei-Quinn
symmetry violation scale, Cf is the model dependent factor of order unity:
L(X) = Cf
2fa
[Ψ¯f (X)γ
µγ5Ψf (X)]∂µa(X) , (4)
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Fig. 1. The Feynman diagrams for the reaction jf → j ′f ′. Double lines mean that the effects of
an external field on the initial and final fermion states and on the fermion propagator are exactly
taken into account.
iii) the effective local Lagrangian of the four-fermion weak interaction, when
k = V , gV = GFCV /
√
2 and k = A, gA = −GFCA/
√
2:
L(X) = GF√
2
[
Ψ¯f (X)γα(CV − CAγ5)Ψf (X)
]
Jα(X) , (5)
where Jα(X) = ν¯(X)γα(1− γ5)ν(X) is the current of left-handed neutrinos; CV =
±1/2 + 2 sin2 θW , CA = ±1/2, and θW is the Weinberg angle. Here, the upper sign
corresponds to neutrinos of the same flavor f (ν = νf ), when there is an exchange
reaction both of W and Z bosons. The lower sign corresponds to the case of another
neutrino flavors (ν 6= νf ), when there is only Z boson exchange. The conditions of
applicability of the effective Lagrangian (5) should be specified. First, it is the
condition of relatively small momentum transfers, |q2|  m2W , where mW is the
W boson mass. And second, the condition that additionally arises in an external
magnetic field, is eB  m2W . We will consider physical situations where both of
these conditions are satisfied.
In a general case with the Lagrangian (2), the S-matrix element in the tree
approximation is described by the Feynman diagrams shown in Fig. 1 and has the
form
Ss
′s
k ′k = −gkgk′
∫
d4Xd4Y 〈jk(X)jk′(Y )〉
[
Ψ¯s
′
p′,`′(Y )Γk′ Sˆ(Y,X)ΓkΨ
s
p,`(X)
]
(6)
+ (jk,Γk ↔ j′k,Γ′k) .
Here, pµ = (E`,p) and p
′µ = (E ′`′ ,p
′) are the four-momenta of the initial and
final fermions correspondingly, Xµ = (X0, X1, X2, X3), the currents between the
angle brackets mean the matrix element between the corresponding initial and final
states, Ψsp,`(X) are the fermion wave functions in the presence of external magnetic
field, where the subscript describes a state with definite components of the four-
momentum p and with the Landau level number `, while the superscript describes
the spin state s.
There exist several descriptions of the procedure of obtaining the fermion wave
functions in the presence of an external magnetic field by solving the Dirac equation,
see e.g. Refs. 20–26 and also Refs. 5, 6. In the most cases, the solutions are presented
in the form with the upper two components of the bispinor corresponding to the
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fermion states with the spin projections 1/2 and -1/2 on the magnetic field direction.
Here, we have found it more convenient to use another representation of the fermion
wave functions, being the eigenstates of the magnetic moment operator.22,23 Some
details on these wave functions are presented in Appendix A.
The currents jk in Eq. (6) can be expressed through the amplitudes in the
momentum space:
jk(X) =
e−i(qX)√
2q0V
jk(q) . (7)
We use the fermion propagator in the form of the sum over the Landau levels:6,27
S(X,X ′) =
∞∑
n=0
Sn(X,X
′) , (8)
Sn(X,X
′) =
i
2n n!
√
β
pi
exp
(
−β X
2
1 +X
′ 2
1
2
)
×
∫
dp0 dpy dpz
(2pi)3
e
− i (p (X−X ′))‖
p2q −m2f − 2β n+ i ε
× exp
{
− p
2
y
β
− py [X1 +X ′1 − i (X2 −X ′2)]
}
×
{
[(pγ)q +mf ] [Π−Hn(ξ)Hn(ξ ′) +Π+ 2nHn−1(ξ)Hn−1(ξ ′)]
+ i 2n
√
β γ1 [Π−Hn−1(ξ)Hn(ξ ′)−Π+Hn(ξ)Hn−1(ξ ′)]
}
, (9)
where ξ is defined by Eq. (A.14) and ξ ′ is obtained from ξ by substituting X1 → X ′1 .
Hereafter we use the following notations: four-vectors with the indices ⊥ and
‖ belong to the Euclidean {1, 2} subspace and the Minkowski {0, 3} subspace
correspondingly. Then for arbitrary 4-vectors Aµ, Bµ one has
Aµ⊥ = (0, A1, A2, 0), A
µ
‖ = (A0, 0, 0, A3),
(AB)⊥ = (AΛB) = A1B1 +A2B2,
(AB)‖ = (AΛ˜B) = A0B0 −A3B3,
where the matrices Λµν = (ϕϕ)µν , Λ˜µν = (ϕ˜ϕ˜)µν are constructed with the di-
mensionless tensor of the external magnetic field, ϕµν = Fµν/B, and the dual
tensor, ϕ˜µν =
1
2εµνρσϕ
ρσ. The matrices Λµν and Λ˜µν are connected by the relation
Λ˜µν − Λµν = gµν = diag(1,−1,−1,−1), and play the roles of the metric tensors in
the perpendicular (⊥) and the parallel (‖) subspaces respectively.
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After integration in Eq. (6) over d4X and d4Y we obtain
Ss
′s
k ′k =
i(2pi)3δ(3)(P − p ′ − q ′)√
2q0V 2q ′0V 2E`LyLz2E
′
`′LyLz
Ms ′sk ′k , (10)
where δ3(P − p ′ − q ′) = δ(P0 − E ′`′ − q ′0)δ(Py − p ′y − q ′y)δ(Pz − p ′z − q ′z), Pα =
(p + q)α, α = 0, 2, 3, and the partial amplitudes Ms ′sk ′k can be presented in the
following form:
Ms ′sk ′k =
− exp [−iθ]
2
√
M`M`′(M` +mf )(M`′ +mf )
(11)
×
{
exp
[
i(qϕq ′)
2β
] [
qy + iqx√
q2⊥
]−` [
q ′y − iq ′x√
q ′2⊥
]−`′
×
∞∑
n=0
(
(qΛq ′)− i(qϕq ′)√
q2⊥q
′2
⊥
)n R(1)s ′sk ′k
P 2‖ −m2f − 2βn
+(−1)`+`′ exp
[
− i(qϕq
′)
2β
] [
q ′y + iq
′
x√
q ′2⊥
]−` [
qy − iqx√
q2⊥
]−`′
×
∞∑
n=0
(
(qΛq ′) + i(qϕq ′)√
q2⊥q
′2
⊥
)n R(2)s ′skk ′
P ′2‖ −m2f − 2βn
}
,
where θ = (qx − q′x)(py + p′y)/(2β) is the general phase for both diagrams in Fig. 1,
P ′α = (p− q′)α.
The main part of the problem is to calculate the values R(1,2)s ′sk ′k which are
expressed via the following Lorentz covariants in the {0, 3}-subspace
K1α =
√
2
(pΛ˜p ′) +M`M`′
{
M`(Λ˜p
′)α +M`′(Λ˜p)α
}
, (12)
K2α =
√
2
(pΛ˜p ′) +M`M`′
{M`(ϕ˜p ′)α +M`′(ϕ˜p)α} , (13)
K3 =
√
2
[
(pΛ˜p ′) +M`M`′
]
, (14)
K4 = −
√
2
(pΛ˜p ′) +M`M`′
(pϕ˜p ′) . (15)
The following integrals appear in the calculations:
1√
pi
∫
dZ e−Z
2
Hn
(
Z +
qy + iqx
2
√
β
)
H
(`
Z − qy − iqx
2
√
β
)
(16)
= 2(n+`)/2
√
n! `!
[
qy + iqx√
q2⊥
]n−`
eq
2
⊥/(4β) In,`
(
q2⊥
2β
)
,
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where, for n > `
In,`(x) =
√
`!
n!
e−x/2 x(n−`)/2Ln−`` (x) , I`,n(x) = (−1)n−` In,`(x) , (17)
and Lkn(x) are the generalized Laguerre polynomials.
28
Below, the results are presented for the values R(1,2)s ′sk ′k in the case when both
vertices are of the pseudoscalar type, k = k ′ = P . The total set of the values
R(1,2)s ′sk ′k for the jff interaction vertices of the scalar, pseudoscalar, vector and
axial-vector types, in a constant uniform magnetic field of an arbitrary strength
and in charged fermion plasma is presented in the extended paper.19
Hereafter we use the following definitions: In,` ≡ In,`
(
q2⊥/(2β)
)
and I ′n,`′ ≡
In,`′
(
q ′2⊥ /(2β)
)
. For definiteness, we further consider the fermion with a negative
charge, ef = −|ef |.
In the case when j and j ′ are the pseudoscalar currents (k = k ′ = P ) we obtain
R(1)++PP = −gP g ′P jP j ′P
{
2β
√
`` ′ [(K1P ) +mfK3] I ′n,`′In,`
+(M` +mf )(M`′ +mf ) [(K1P )−mfK3] I ′n−1,`′−1In−1,`−1 (18)
−2β√nK3
[√
`(M`′ +mf )I ′n−1,`′−1In,` +
√
` ′(M` +mf )I ′n,`′In−1,`−1
]}
;
R(1)+−PP = −igP g ′P jP j ′P
{√
2β` ′ (M` +mf ) [(K2P ) +mfK4] I ′n,`′In,`
−
√
2β` (M`′ +mf ) [(K2P )−mfK4] I ′n−1,`′−1In−1,`−1 (19)
−
√
2βn K4
[
(M` +mf )(M`′ +mf )I ′n−1,`′−1In,` − 2β
√
`` ′I ′n,`′In−1,`−1
]}
;
R(1)−+PP = igP g ′P jP j ′P
{√
2β` (M`′ +mf ) [(K2P )−mfK4] I ′n,`′In,`
−
√
2β` ′ (M` +mf ) [(K2P ) +mfK4] I ′n−1,`′−1In−1,`−1 (20)
−
√
2βn K4
[
2β
√
`` ′I ′n−1,`′−1In,` − (M` +mf )(M`′ +mf )I ′n,`′In−1,`−1
]}
;
R(1)−−PP = −gP g ′P jP j ′P
{
(M` +mf )(M`′ +mf ) [(K1P )−mfK3] I ′n,`′In,`
+2β
√
`` ′ [(K1P ) +mfK3] I ′n−1,`′−1In−1,`−1 (21)
−2β√nK3
[√
` ′(M` +mf )I ′n−1,`′−1In,` +
√
`(M`′ +mf )I ′n,`′In−1,`−1
]}
.
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To obtain the contributions R(2)s ′sPP from the second diagram of Fig. 1, the
following replacements should be made in Eqs. (18)—(21): Pα → P ′α, Im,n ↔ I ′m,n.
The results obtained for the case of the magnetic field of an arbitrary strength
can be essentially simplified in several special cases. In Appendix B, the set of
expressions for the amplitudes in the limit of relatively strong field is presented,
where the initial and final fermions are on the ground Landau level, `, ` ′ = 0, but
the virtual electron can occupy an arbitrary Landau level, n 6= 0.
One more case when the amplitudes can be essentially simplified is the process
of a coherent scattering of the generalized current j off the real fermions of magne-
tized plasma without change of their states (the “forward” scattering). The set of
expressions for the amplitudes in this case is presented in Appendix C.
3. Neutrino luminosity
As an illustration of the results obtained, let us construct the amplitude of the
neutrino-antineutrino pair photoproduction, γe → eνν¯, in a strongly magnetized
cold plasma when the temperature T is the smallest parameter of the problem, i.e.,
T  µe −me (µe is the chemical potential of the electron gas, me is the electron
mass) with taking account of a possible resonance on a virtual electron.
At the same time, our main goal is to obtain the expression for the neutrino
emissivity caused by the process γe→ eνν¯. In turn, the neutrino emissivity can be
defined as the zero component of the four-vector of the energy-momentum carried
away by the neutrino pair due to this process from a unit volume of plasma per
unit time. Here, we neglect the inverse effect of the energy and momentum loss on
the state of plasma. The neutrino emissivity can be represented in the form:29
Qγe→eνν¯ =
1
Lx
∞∑
`,`′=0
∫
d3k
(2pi)3 2q0
fγ(q0)
d2p
(2pi)2 2E`
fe(E`) (22)
× d
2p′
(2pi)2 2E ′`′
[1− fe(E ′`′)]
d3p1
(2pi)3 2ε1
d3p2
(2pi)3 2ε2
q ′0
× (2pi)3 δ3(P − p ′ − q ′)|Mγe→eνν¯ |2 ,
where fγ(q0) =
[
eq0/T − 1]−1 is the equilibrium distribution function of an ini-
tial photon with the four-vector qµ = (q0,k); fe(E`) and fe(E
′
`′) are the equi-
librium distribution functions of initial and final electrons, respectively, fe(E`) =[
e(E`−µe)/T + 1
]−1
; q ′0 = ε1 + ε2 is the neutrino pair energy, ε1,2 = |p1,2|;
d2p = dpydpz; V = LxLyLz is the plasma volume.
In calculating the amplitude Mγe→eνν¯ of the process γe → eνν¯, we consider
the case of relatively small momentum transfers compared with the W boson mass,
|q ′2|  m2W . Then the corresponding interaction Lagrangian can be written as
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follows, see Eq. (5):
L = GF√
2
[
Ψ¯γα(CV − CAγ5)Ψ
] [
ν¯γα(1− γ5)ν
]
+ e(Ψ¯γαΨ)Aα , (23)
where Aα is the four-potential of the photon field.
Comparing (23) with the Lagrangian of the general form (2) we find that the
amplitude squared of the process γe→ eνν¯ can be represented as:
|Mγe→eνν¯ |2 =
∑
s′,s
|Ms′sV V +Ms
′s
AV |2 , (24)
and in formulas (B.2), (B.17)–(B.20) one should put mf = me, gV = e, where
e > 0 is the elementary charge, jα = α is the initial photon polarization vector,
g ′V = GFCV /
√
2, g ′A = −GFCA/
√
2, j ′α = ν¯γα(1− γ5)ν.
It should be noted that the virtual electron resonance occurs only in the s channel
diagram (the first diagram in Fig. 1). Nevertheless, even with the simplification
caused by the resonance behavior, the problem under consideration is still enough
cumbersome, because the charged fermions can occupy arbitrary Landau levels. The
problem could be significantly simplified in the physical conditions of magnetars.
Indeed, in the outer crust of a magnetar, the following hierarchy of parameters
should exist:29 eB  m2e, µ2e, T 2. Thus, the electron plasma can be considered as
a strongly magnetized one, and under these assumptions one can approximately
assume that the initial and the final electrons would occupy the ground Landau
level (` = `′ = 0), while the virtual electron can occupy an arbitrary Landau level.
In our case, s′ = s = −1 and the amplitude squared (24) takes the form
|Mγe→eνν¯ |2 =
∣∣∣∣∣
∞∑
n=1
(
(qΛq ′)− i(qϕq ′)√
q2⊥q
′2
⊥
)n Rn
P 2‖ −m2e − 2βn
∣∣∣∣∣
2
, (25)
where
Rn = 1
n!
(
q2⊥
2β
)n/2 (
q ′2⊥
2β
)n/2
exp
[
−q
2
⊥ + q
′2
⊥
4β
] (
R
(1)
V V +R
(1)
AV
)
, (26)
and the functions R
(1)
V V and R
(1)
AV are defined by Eqs. (B.17) and (B.19).
To accurately take into account the resonance behavior in the process γe→ eνν¯,
it is necessary to calculate radiative corrections to the electron mass, caused by the
combined action of a magnetic field and plasma. This calculation is a separate chal-
lenge. However, because of the smallness of these corrections, we can approximately
replace m2e → m2e − iP0Γn in the denominator of Eq. (25).
As it was already noted, the main contribution to the amplitude arises from the
resonance region, so that we can approximately replace the corresponding part of
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Eq. (25) by the δ function:
|Mγe→eνν¯ |2 '
∞∑
n=1
|Rn|2
(P 2‖ −m2e − 2βn)2 + P 20 Γ2n
'
∞∑
n=1
pi
P0Γn
δ(P 2‖ −m2e − 2βn) |Rn|2 , (27)
where Γn is the total width of the change of the electron state. This width can be
represented in the form30
Γn = Γ
abs + Γcr ' Γcre0γ→en
[
1 + e(E
′′
n −µe)/T
]
. (28)
Here
Γcre0γ→en =
1
2E′′n
∫
d3k
2q0(2pi)3
fγ(q0)
d2p
2E0(2pi)2
fe(E0)
×(2pi)3 δ3(P − p ′′) |Me0γ→en |2 (29)
is the width of the electron creation in the nth Landau level.
With taking account of Eq. (28), the amplitude squared of the process γe→ eνν¯
takes the form:
|Mγe→eνν¯ |2 =
∞∑
n=1
∫
d2p′′
(2pi)2 2E′′n
(2pi)3 δ3(P − p ′′) |Rn|
2
2E′′n Γn
(30)
=
∞∑
n=1
∫
d2p′′
(2pi)2 2E′′n
fe(E
′′
n) (2pi)
3 δ3(P − p ′′) |Rn|
2
2E′′n Γcre0γ→en
.
Here we have used the property of the δ function:
δ(P 2‖ −m2e − 2βn) =
1
2E′′n
δ(P0 − E′′n) , (31)
where E′′n =
√
p ′′2z +m2e + 2βn.
On the other hand, in the case of resonance the expression for |Rn|2 being
averaged over the photon polarizations can be factored in the strong field limit
β  m2e as follows (see, for example, Ref. 31):
|Rn|2 = |Me0γ→en |2 |Men→e0νν¯ |2 , (32)
where
|Me0γ→en |2 =
8piα
n!
exp
(
− q
2
⊥
2β
)(
q2⊥
2β
)n
M2n (pΛ˜q)
×
3∑
λ=1
[ ∣∣∣A(λ)1 ∣∣∣2 + ∣∣∣A(λ)2 + σA(λ)3 ∣∣∣2 ] (33)
is the amplitude of the absorption of a photon in the process e0γ → en, when an
electron passes from the ground Landau level to a higher Landau level n. The pa-
rameter σ = (pϕ˜q)/(pΛ˜q) = ±1 determines the direction of the photon propagation
October 21, 2018 23:18 WSPC/INSTRUCTION FILE
Kuzn˙Rum˙Shlen˙Gen˙Compt˙corr
Generalized two-point tree-level amplitude . . . 11
with respect to the magnetic field direction. A
(λ)
i are the expansion coefficients of
the photon polarization vector 
(λ)
µ over the basis of the 4-vectors:
b(1)µ = (ϕq)µ, b
(2)
µ = (ϕ˜q)µ, b
(3)
µ = q
2 (Λq)µ − qµ q2⊥, b(4)µ = qµ . (34)
Given the gauge invariance, one has:
(λ)µ =
3∑
i=1
A
(λ)
i b
(i)
µ . (35)
Finally, the amplitude squared of the electron transition from the nth Landau level
to the ground level with the creation of the neutrino-antineutrino pair takes the
form:
|Men→e0νν¯ |2 =
G2F
n!
exp
(
−q
′ 2
⊥
2β
)(
q ′ 2⊥
2β
)n
M2n
(p ′Λ˜q ′)
{ ∣∣∣CV (p ′Λ˜j ′)− CA(p ′ϕ˜j ′)∣∣∣2
+
(j ′Λ˜j ′ ∗)
q ′ 2⊥
[
CV (p
′Λ˜q ′)− CA(p ′ϕ˜q ′)
]2
− 2
q ′ 2⊥
[
CV (p
′Λ˜q ′)− CA(p ′ϕ˜q ′)
]
×Re
(
(q ′Λ˜j ′)
[
CV (p
′Λ˜j ′ ∗)− CA(p ′ϕ˜j ′ ∗)
])}
. (36)
Substituting Eq. (30) into the expression for the luminosity (22), and taking into
account Eqs. (29) and (32), we obtain:
Qγe0→e0νν¯ =
∞∑
n=1
Qen→e0νν¯ , (37)
where
Qen→e0νν¯ =
1
Lx
∫
d2p ′′
(2pi)2 2E ′′n
fe(E
′′
n )
d2p′
(2pi)2 2E ′
[1− fe(E ′)]
× d
3p1
(2pi)3 2ε1
d3p2
(2pi)3 2ε2
q ′0 (2pi)
3 δ3(p′′ − p ′ − q ′)|Men→e0νν¯ |2 , (38)
is the neutrino luminosity due to the process en → e0νν¯. This result coincides, up
to notation, with the result of Ref. 29.
4. Discussion
In this paper, we have calculated the tree-level two-point amplitudes for the tran-
sitions jf → j ′f ′ in a constant uniform magnetic field of an arbitrary strength,
and in charged fermion plasma, for generalized vertices of the scalar, pseudoscalar,
vector and axial vector types. It is remarkable, that all the amplitudes obtained are
manifestly Lorentz invariant, due to the choice of the Dirac equation solutions as
the eigenfunctions of the covariant operator µˆz. In this case, partial contributions
to an amplitude from the channels with different fermion polarization states are
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calculated separately, by direct multiplication of the bispinors and the Dirac matri-
ces. This approach is an alternative to the method where the amplitudes squared
are calculated, with summation over the fermion polarization states, and with using
the fermion density matrices, see, e.g. Refs. 32, 33. However, the use of the density
matrix in a magnetic field, as is usually done in the absence of a magnetic field,
in the case of the two-vertex processes leads to extreme difficulties in analytical
calculations.
The set of the amplitudes for the transitions jf → j ′f ′ in a constant uniform
magnetic field of an arbitrary strength, and in charged fermion plasma, presented
in this paper, can be used as a reference book in the investigations of the quantum
processes in external active media. The field effects are taken into account exactly,
because exact solutions of the Dirac equation are used. Owing to this, the expres-
sion obtained here for the amplitude is quite general; in particular, it can be widely
used to analyze various physical phenomena and processes in a magnetic field and in
plasma. The amplitudesMSS andMPP , which are diagonal in the generalized cur-
rents, differ only in factors from the external-medium-induced contributions to the
mass operators of the corresponding scalar and pseudoscalar fields. The amplitude
MV V defines, for example, the medium-induced part of the photon polarization
operator. The amplitudes MV V and MV A describe the process amplitude for the
radiative transition of a massless neutrino ν → νγ. Similarly, one can obtain the
amplitudes for the axion decay a→ νν¯ and for axion–photon oscillations by means
of the corresponding substitutions.
Furthermore, the results obtained can be used to analyze the reactions with a
possible resonance on the virtual electron (see e.g. Ref. 34). It is well known that
the processes of this type play an important role in the magnetospheres of isolated
neutron stars, providing the production of e+e− plasma.35
Although the obtained formulas look quite cumbrous, there are certain areas of
their application. We emphasize that these formulas are derived for a general case,
namely, for arbitrary values of the magnetic field, therefore, they can recover the
results within the limits of weak and superstrong fields. Further, in this general
form the formulas definitely may be used for numerical calculations.
Acknowledgments
We are grateful to M. V. Chistyakov, A. A. Gvozdev, and I. S. Ognev for useful
discussions.
The study was performed with the support by the Project No. 92 within the
base part of the State Assignment for the Yaroslavl University Scientific Research,
and was supported in part by the Russian Foundation for Basic Research (Project
No. 14-02-00233-a).
October 21, 2018 23:18 WSPC/INSTRUCTION FILE
Kuzn˙Rum˙Shlen˙Gen˙Compt˙corr
Generalized two-point tree-level amplitude . . . 13
Appendix A. Solutions of the Dirac equation in an external
magnetic field
In this Appendix, we present the fermion wave functions as the solutions of the
Dirac equation in the presence of an external magnetic field, and simultaneously as
the eigenfunctions of the magnetic moment operator.22,23
In Ref. 22, an operator was introduced which was called the generalized spin
tensor of the third rank. In modern standard notations, the operator takes the
formb
Fµνλ = − i
2
(Pλγ0σµν + γ0σµνPλ) , (A.1)
where σµν = (γµγν − γνγµ)/2, and Pλ = i∂λ − ef Aλ = (i∂0 − ef A0 ,−i∇− efA)
is the generalized four-momentum operator with Aλ being the four-potential of an
external magnetic field. Taking the component Fµν0 of the operator (A.1) and taking
into account that in the Schro¨dinger form of the Dirac equation one has i∂0 = H,
where H = γ0 (γP ) + mf γ0 + efA0 is the Dirac Hamiltonian, one can construct
the vector operator
µi = −1
2
εijk Fjk0 , (A.2)
where εijk is the Levi-Civita symbol. This is the magnetic moment operator,
22,23
which can be presented in the form
µ = mfΣ− iγ0γ5[Σ× Pˆ ] . (A.3)
It is straightforward to show that the components of the operator (A.3) commute
with the Hamiltonian, i.e. H and µz have common eigenfunctions. In the non-
relativistic limit, the operator (A.3) is transformed to the ordinary Pauli magnetic
moment operator, thus having an obvious physical interpretation.
It appears to be convenient to use the fermion wave functions as the eigenstates
of the operator µz
22,23
µz = mfΣz − iγ0γ5[Σ× P ]z , (A.4)
where P = −i∇ − efA. We take the frame where the field is directed along the
z axis, and the Landau gauge where the four-potential is: Aλ = (0, 0, xB, 0). It is
convenient to use the notation β = |ef |B, and to introduce the sign of the fermion
charge as η = ef/|ef |.
Our choice of the Dirac equation solutions as the eigenfunctions of the operator
µˆz is caused by the following arguments. Calculations of the process widths with two
or more vertices in an external magnetic field by the standard method, including
the squaring the amplitude with all the Feynman diagrams and with summation
bIt should be noted that in Ref. 22, the covariant bilinear forms were constructed of Dirac matrices
by inserting them not between bispinors ψ¯ and ψ as accepted in modern literature,36 but between
bispinors ψ† and ψ.
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or averaging over the fermion polarization states, contain significant computational
difficulties. In this case, it is convenient to calculate partial contributions to the
amplitude from the channels with different fermion polarization states and for each
diagram separately, by direct multiplication of the bispinors and the Dirac matri-
ces. The result, up to a total for both diagrams non-invariant phase, will have an
explicit Lorentz invariant structure. On the contrary, the amplitudes obtained with
using the solutions for a fixed direction of the spin, do not have Lorentz invari-
ant structure. Only the amplitude squared, summed over the fermion polarization
states, is manifestly Lorentz-invariant with respect to a boost along the magnetic
field direction.
The fermion wave functions having the form
Ψsp,n(X) =
e−i(EnX0−pyX2−pzX3) Usn(ξ)√
4EnMn(En +Mn)(Mn +mf )LyLz
, (A.5)
where
En =
√
M2n + p
2
z , Mn =
√
m2f + 2βn , (A.6)
are the solutions of the equation
µˆz Ψ
s
p,n(X) = sMn Ψ
s
p,n(X) , s = ±1 . (A.7)
It is convenient to present the bispinors Usn(ξ) in the form of decomposition over
the solutions for negative and positive fermion charge, Usn,η(ξ):
Usn(ξ) =
1− η
2
Usn,−(ξ) +
1 + η
2
Usn,+(ξ) , (A.8)
where
U−n,−(ξ) =

−i√2βn pzVn−1(ξ)
(En +Mn)(Mn +mf )Vn(ξ)
−i√2βn(En +Mn)Vn−1(ξ)
−pz(Mn +mf )Vn(ξ)
 , (A.9)
U+n,−(ξ) =

(En +Mn)(Mn +mf )Vn−1(ξ)
−i√2βn pzVn(ξ)
pz(Mn +mf )Vn−1(ξ)
i
√
2βn(En +Mn)Vn(ξ)
, (A.10)
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U−n,+(ξ) =

i
√
2βn pzVn(ξ)
(En +Mn)(Mn +mf )Vn−1(ξ)
i
√
2βn(En +Mn)Vn(ξ)
−pz(Mn +mf )Vn−1(ξ)
, (A.11)
U+n,+(ξ) =

(En +Mn)(Mn +mf )Vn(ξ)
i
√
2βn pzVn−1(ξ)
pz(Mn +mf )Vn(ξ)
−i√2βn(En +Mn)Vn−1(ξ)
 , (A.12)
Vn(ξ) (n = 0, 1, 2, . . . ) are the normalized harmonic oscillator functions, which are
expressed in terms of the Hermite polynomials Hn(ξ):
28
Vn(ξ) =
β1/4e−ξ
2/2√
2nn!
√
pi
Hn(ξ) , (A.13)
ξ =
√
β
(
X1 − η py
β
)
. (A.14)
Appendix B. The set of expressions for the amplitudes for ground
Landau Level, ` = `′ = 0
In this Appendix, we consider the limit of relatively strong field, where the initial
and final fermions are on the ground Landau level, `, ` ′ = 0, but the virtual
electron can occupy the arbitrary Landau level, n 6= 0. In this case s = s′ = −1,
M` = M`′ = mf , and
In,0(x) = 1√
n!
e−x/2xn/2 , In−1,0(x) =
√
n
x
In,0(x) . (B.1)
Denoting R(1,2)−−k ′k ≡ (2mf )2R(1,2)k ′k we obtain the following expressions for the am-
plitudes (12) with the vertices of the scalar, pseudoscalar, vector or axial vector
types
M−−k ′k = − exp [−iθ] exp
[
−q
2
⊥ + q
′2
⊥
4β
] ∞∑
n=0
1
n!
×
{
exp
[
i(qϕq ′)
2β
] (
(qΛq ′)− i(qϕq ′)
2β
)n
R
(1)
k ′k
P 2‖ −m2f − 2βn
(B.2)
+ exp
[
− i(qϕq
′)
2β
](
(qΛq ′) + i(qϕq ′)
2β
)n
R
(2)
kk ′
P ′ 2‖ −m2f − 2βn
}
,
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where
R
(1)
SS = gSg
′
SjSj
′
S [(K1P ) +mfK3] ; (B.3)
R
(2)
SS = R
(1)
SS(q ↔ −q ′) ; (B.4)
R
(1)
PS = gSg
′
P jSj
′
P [(K2P )−mfK4] ; (B.5)
R
(2)
SP = −gSg ′P jSj ′P [(K2P ′) +mfK4] ; (B.6)
R
(1)
V S = gSg
′
V jS
{
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 +mf (K1j ′)
−2βn
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]K3
}
; (B.7)
R
(2)
SV = gSg
′
V jS
{
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 +mf (K1j ′)
+
2βn
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]K3
}
; (B.8)
R
(1)
AS = gSg
′
AjS
{
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 −mf (K2j ′)
−2βn
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]K4
}
; (B.9)
R
(2)
SA = gSg
′
AjS
{
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 −mf (K2j ′)
−2βn
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]K4
}
; (B.10)
R
(1)
PP = −gP g ′P jP j ′P [(K1P )−mfK3] ; (B.11)
R
(2)
PP = R
(1)
PP (q ↔ −q ′) ; (B.12)
R
(1)
V P = −gP g ′V jP
{
(P Λ˜j ′)K4 + (Pϕ˜j ′)K3 +mf (K2j ′)
−2βn
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]K4
}
(B.13)
R
(2)
PV = gP g
′
V jP
{
(P ′ϕ˜j ′)K3 − (P ′Λ˜j ′)K4 +mf (K2j ′)
−2βn
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]K4
}
; (B.14)
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R
(1)
AP = −gP g ′AjP
{
(P Λ˜j ′)K3 + (Pϕ˜j ′)K4 −mf (K1j ′)
−2βn
q ′2⊥
[(q ′Λj ′)− i(q ′ϕj ′)]K3
}
; (B.15)
R
(2)
PA = gP g
′
AjP
{
(P ′Λ˜j ′)K3 − (P ′ϕ˜j ′)K4 −mf (K1j ′)
+
2βn
q ′2⊥
[(q ′Λj ′) + i(q ′ϕj ′)]K3
}
; (B.16)
R
(1)
V V = gV g
′
V
{
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P )
+mf [(jΛ˜j
′)K3 + (jϕ˜j ′)K4]
+
2βn
q2⊥q
′2
⊥
[(jΛj ′)− i(jϕj ′)][(K1P )−mfK3][(qΛq ′) + i(qϕq ′)] (B.17)
−2βn
q ′2⊥
(K1j) [(q ′Λj ′)− i(q ′ϕj ′)]− 2βn
q2⊥
(K1j ′) [(qΛj) + i(qϕj)]
}
;
R
(2)
V V = R
(1)
V V (q ↔ −q ′) ; (B.18)
R
(1)
AV = gV g
′
A
{
(P Λ˜j ′)(K2j) + (P Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P )
−mf [(jΛ˜j ′)K4 + (jϕ˜j ′)K3]
+
2βn
q2⊥q
′2
⊥
[(jΛj ′)− i(jϕj ′)][(K2P ) +mfK4][(qΛq ′) + i(qϕq ′)] (B.19)
−2βn
q ′2⊥
(K2j) [(q ′Λj ′)− i(q ′ϕj ′)]− 2βn
q2⊥
(K2j ′) [(qΛj) + i(qϕj)]
}
;
R
(2)
V A = gV g
′
A
{
(P ′Λ˜j ′)(K2j) + (P ′Λ˜j)(K2j ′)− (jΛ˜j ′)(K2P ′)
+mf [(jΛ˜j
′)K4 − (jϕ˜j ′)K3]
+
2βn
q2⊥q
′2
⊥
[(jΛj ′) + i(jϕj ′)][(K2P ′)−mfK4][(qΛq ′)− i(qϕq ′)] (B.20)
+
2βn
q ′2⊥
(K2j) [(q ′Λj ′) + i(q ′ϕj ′)] + 2βn
q2⊥
(K2j ′) [(qΛj)− i(qϕj)]
}
;
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R
(1)
AA = gAg
′
A
{
(P Λ˜j ′)(K1j) + (P Λ˜j)(K1j ′)− (jΛ˜j ′)(K1P )
−mf [(jΛ˜j ′)K3 + (jϕ˜j ′)K4]
+
2βn
q2⊥q
′2
⊥
[(jΛj ′)− i(jϕj ′)][(K1P ) +mfK3][(qΛq ′) + i(qϕq ′)] (B.21)
−2βn
q ′2⊥
(K1j) [(q ′Λj ′)− i(q ′ϕj ′)]− 2βn
q2⊥
(K1j ′) [(qΛj) + i(qϕj)]
}
.
R
(2)
AA = R
(1)
AA(q ↔ −q ′) ; (B.22)
We note that the obtained results allow us to extract the limiting case n = 0.
In particular, the amplitude M−−V V containing the vector vertices only, coinsides
after corresponding transformations with the amplitude of the Compton process
in a strong magnetic field, calculated earlier in Ref. 16 (see also Ref. 37 where the
amplitude of the typeM−−AV was considered for the case `′ = ` = n = 0). In addition,
it is easy to check that the resulting amplitudes containing the vector vertices, are
manifestly gauge invariant.
Appendix C. The set of expressions for the amplitudes for forward
scattering
For generalization of the results obtained in Ref. 8 to the case of magnetized plasma
we consider the process of a coherent scattering of the generalized current j off the
real fermions without change of their states (the “forward” scattering). We remind
that in this case we mean under the generalized current j in the initial state only the
field operator of a single particle, while the generalized current j ′ in the final state
could be both the field operator of a single particle, and e.g. the neutrino current.
In this case: ` = ` ′, s = s ′, qµ = q ′µ, pµ = p ′µ, K1α = 2(pΛ˜)α, K2α = 2(ϕ˜p)α,
K3 = 2M`, K4 = 0.
Since this is a coherent process, the total scattering amplitude is obtained by
summing over all states of the medium fermions. We obtain the follwing results for
the summed generalized amplitudes:
Mk ′k = − β
2pi2
∞∑
`,n=0
∫
dpz
E`
ff (E`) (C.1)
×
{
D(1)k ′k
(p+ q)2‖ −m2f − 2βn
+
D(2)kk ′
(p− q)2‖ −m2f − 2βn
}
,
where ff (E`) = [1+exp (E` − µf )/T ]−1 is the fermion distribution function, T and
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µf are the temperature and the chemical potential of plasma correspondingly,
D(1)SS = gSg ′SjSj ′S
{
[(qΛ˜p) + 2β`+ 2m2f ] (C.2)
× (I2n,` + I2n−1,`−1)− 4β
√
n` In,`In−1,`−1
}
;
D(2)SS = D(1)SS(q → −q) ;
D(1)SP = D(2)PS = gSg ′P jSj ′P (qϕ˜p)
[I2n,` − I2n−1,`−1] ; (C.3)
D(1)V S = gSg ′V jSmf
{
[2(pΛ˜j ′) + (qΛ˜j ′)]
[I2n,` + I2n−1,`−1] (C.4)
−
√
2β`
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,`In,`−1 + [(qΛj ′)− i(qϕj ′)]In−1,`In−1,`−1]
−
√
2βn
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,`−1In−1,`−1 + [(qΛj ′)− i(qϕj ′)]In,`In−1,`]
}
;
D(2)SV = gSg ′V jSmf
{
[2(pΛ˜j ′)− (qΛ˜j ′)] [I2n,` + I2n−1,`−1] (C.5)
+
√
2β`
q2⊥
[[(qΛj ′)− i(qϕj ′)]In,`In,`−1 + [(qΛj ′) + i(qϕj ′)]In−1,`In−1,`−1]
+
√
2βn
q2⊥
[[(qΛj ′)− i(qϕj ′)]In,`−1In−1,`−1 + [(qΛj ′) + i(qϕj ′)]In,`In−1,`]
}
;
D(1)AS = gSg ′AjSmf [2(pϕ˜j ′) + (qϕ˜j ′)]
[I2n,` − I2n−1,`−1] ; (C.6)
D(2)SA = D(1)AS(q → −q) ;
D(1)PP = −gP g ′P jP j ′P
{
[(qΛ˜p) + 2β`]
[I2n,` + I2n−1,`−1]
−4β
√
n` In,`In−1,`−1
}
; (C.7)
D(2)PP = D(1)PP (q → −q) ;
D(1)V P = D(2)PV = −gP g ′V jPmf (qϕ˜j ′)
[I2n,` − I2n−1,`−1] ; (C.8)
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D(1)AP = −gP g ′AjPmf
{
(qΛ˜j ′)
[I2n,` + I2n−1,`−1] (C.9)
+
√
2β`
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,`In,`−1 + [(qΛj ′)− i(qϕj ′)]In−1,`In−1,`−1]
−
√
2βn
q2⊥
[[(qΛj ′) + i(qϕj ′)]In,`−1In−1,`−1 + [(qΛj ′)− i(qϕj ′)]In,`In−1,`]
}
;
D(2)PA = −gP g ′AjPmf
{
(qΛ˜j ′)
[I2n,` + I2n−1,`−1] (C.10)
−
√
2β`
q2⊥
[[(qΛj ′)− i(qϕj ′)]In,`In,`−1 − [(qΛj ′) + i(qϕj ′)]In−1,`In−1,`−1]
−
√
2βn
q2⊥
[[(qΛj ′)− i(qϕj ′)]In,`−1In−1,`−1 + [(qΛj ′) + i(qϕj ′)]In,`In−1,`]
}
;
D(1)V V = gV g ′V
{ [
(pΛ˜j)(P Λ˜j ′) + (P Λ˜j)(pΛ˜j ′)− (jΛ˜j ′)[2β`+ (pΛ˜q)]
]
(C.11)
× [I2n,` + I2n−1,`−1]+ 4β√n` (jΛ˜j ′)In,`In−1,`−1
−
√
2β`
q2⊥
[
(P Λ˜j)[(qΛj ′) + i(qϕj ′)] + (P Λ˜j ′)[(qΛj)− i(qϕj)]
]
In,`In,`−1
−
√
2β`
q2⊥
[
(P Λ˜j)[(qΛj ′)− i(qϕj ′)] + (P Λ˜j ′)[(qΛj) + i(qϕj)]
]
In−1,`−1In−1,`
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′)− i(qϕj ′)] + (pΛ˜j ′)[(qΛj) + i(qϕj)]
]
In,`In−1,`
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′) + i(qϕj ′)] + (pΛ˜j ′)[(qΛj)− i(qϕj)]
]
In−1,`−1In,`−1
+[2β`+ (pΛ˜q)]
[
[(jΛj ′) + i(jϕj ′)]I2n,`−1 + [(jΛj ′)− i(jϕj ′)]I2n−1,`
]
+
4β
√
n`
q2⊥
[(qΛj)(qΛj ′)− (qϕj)(qϕj ′)]In,`−1In−1,`
}
;
D(2)V V = D(1)V V (q → −q, j ↔ j ′) ;
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D(1)AV = gV g ′A
{
[(P Λ˜j)(j ′ϕ˜p) + (P Λ˜j ′)(jϕ˜p)
−(jΛ˜j ′)(qϕ˜p)−m2f (jϕ˜j ′)]
[I2n,` − I2n−1,`−1] (C.12)
+
√
2β`
q2⊥
[(Pϕ˜j)[(qΛj ′) + i(qϕj ′)] + (Pϕ˜j ′)[(qΛj)− i(qϕj)]] In,`In,`−1
−
√
2β`
q2⊥
[(Pϕ˜j)[(qΛj ′)− i(qϕj ′)] + (Pϕ˜j ′)[(qΛj) + i(qϕj)]] In−1,`−1In−1,`
+
√
2βn
q2⊥
[(pϕ˜j)[(qΛj ′)− i(qϕj ′)] + (pϕ˜j ′)[(qΛj) + i(qϕj)]] In,`In−1,`
−
√
2βn
q2⊥
[(pϕ˜j)[(qΛj ′) + i(qϕj ′)] + (pϕ˜j ′)[(qΛj)− i(qϕj)]] In−1,`−1In,`−1
+(pϕ˜q)
[
[(jΛj ′) + i(jϕj ′)]I2n,`−1 − [(jΛj ′)− i(jϕj ′)]I2n−1,`
]}
;
D(2)V A = gV g ′A
{
[(P ′Λ˜j)(j ′ϕ˜p) + (P ′Λ˜j ′)(jϕ˜p)
+(jΛ˜j ′)(qϕ˜p)−m2f (jϕ˜j ′)]
[I2n,` − I2n−1,`−1] (C.13)
−
√
2β`
q2⊥
[(P ′ϕ˜j ′)[(qΛj) + i(qϕj)] + (P ′ϕ˜j)[(qΛj ′)− i(qϕj ′)]] In,`In,`−1
+
√
2β`
q2⊥
[(P ′ϕ˜j ′)[(qΛj)− i(qϕj)] + (P ′ϕ˜j)[(qΛj ′) + i(qϕj ′)]] In−1,`−1In−1,`
−
√
2βn
q2⊥
[(pϕ˜j ′)[(qΛj)− i(qϕj)] + (pϕ˜j)[(qΛj ′) + i(qϕj ′)]] In,`In−1,`
+
√
2βn
q2⊥
[(pϕ˜j ′)[(qΛj) + i(qϕj)] + (pϕ˜j)[(qΛj ′)− i(qϕj ′)]] In−1,`−1In,`−1
−(pϕ˜q) [[(jΛj ′)− i(jϕj ′)]I2n,`−1 − [(jΛj ′) + i(jϕj ′)]I2n−1,`] };
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D(1)AA = gAg ′A
{
[(P Λ˜j)(pΛ˜j ′) + (pΛ˜j)(P Λ˜j ′)− (jΛ˜j ′)(M2` +m2e + (pΛ˜q))]
×[I2n,` + I2n−1,`−1] + 4β
√
n` (jΛ˜j ′)In,`In−1,`−1 (C.14)
−
√
2β`
q2⊥
[
(P Λ˜j)[(qΛj ′) + i(qϕj ′)] + (P Λ˜j ′)[(qΛj)− i(qϕj)]
]
In,`In,`−1
−
√
2β`
q2⊥
[
(P Λ˜j)[(qΛj ′)− i(qϕj ′)] + (P Λ˜j ′)[(qΛj) + i(qϕj)]
]
In−1,`−1In−1,`
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′)− i(qϕj ′)] + (pΛ˜j ′)[(qΛj) + i(qϕj)]
]
In,`In−1,`
−
√
2βn
q2⊥
[
(pΛ˜j)[(qΛj ′) + i(qϕj ′)] + (pΛ˜j ′)[(qΛj)− i(qϕj)]
]
In−1,`−1In,`−1
+(M2` +m
2
e + (pΛ˜q))
[
[(jΛj ′) + i(jϕj ′)]I2n,`−1 + [(jΛj ′)− i(jϕj ′)]I2n−1,`
]
+
4β
√
n`
q2⊥
[(qΛj)(qΛj ′)− (qϕj)(qϕj ′)]In,`−1In−1,`
}
;
D(2)AA = D(1)AA(q → −q, j ↔ j ′) .
We notice, that the expressions for amplitudes MV S , MV P , MV V and MAV
are manifestly gauge invariant.
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